We propose an optimization method for the boundary shape of a waveguide for a high-pass filter that passes electric signals. The waveguide is modeled as a boundary-value problem having the electromagnetic wave equation. The domain variation is chosen as a design variable, while the weighted power consumption on the input port is used as an objective function. Its shape derivative is derived theoretically using the adjoint variable method. To solve the shapeoptimization problem, we use an iterative algorithm based on the H 1 gradient method. The numerical results obtained show the effectiveness of the proposed method.
Introduction
Waveguides are used to transmit microwave energy or signals in electronic devices such as mobile phones (0.7∼2.5 GHz) and radars for cars and airplanes (1.0∼76 GHz). The function of a waveguide is not only to transmit the wave, but also to control waves such as cut-off filters and dividers in a specific frequency range. The performance of the cut-off property is evaluated by the scattering parameters (S-parameters), which are defined using the electric power of the input and output of ports, with respect to frequency.
Because the shape of a waveguide affects its performance, shape-optimization methods have been studied. The parametric shape optimization of an H-plane resonator filter was demonstrated using a method that combines the conventional optimization technique using a coarse model with finite-element analysis using a fine model [1] . This problem was formulated using the diameters and lengths of resonators as the design variables and the S-parameters as cost functions. Moreover, a nonparametric topology optimization problem was formulated using the density of the dielectric material as the design variable, and the functions defined with Sparameters as the cost functions [2] . Using a gradientbased method, the optimum densities of H-plane waveguide components were analyzed. However, there have been few studies that focus on the non-parametric shapeoptimization problem for waveguides.
In the present paper, we formulate a non-parametric shape-optimization problem for waveguides and demonstrate a solution for this problem.
Admissible set of design variables
For simplicity, we consider a circular waveguide with tapers, as shown in Fig. 1 , operating with a TE 01 (transverse electric 01) mode used as a high-pass filter. Let Ω 0 ⊂ R 3 (R denotes the set of all real numbers) be a bounded domain denoting the air-filled electromagnetic field of an initial model, Γ I0 ⊂ ∂Ω 0 be the input port on which the current density i R : Γ I0 → R 3 of the input signal is given, Γ O0 ⊂ ∂Ω 0 \Γ I0 (¯denotes closure) be the output port of the signal, and the remaining boundary
) be the wall of the perfect electric conductor (PEC). The diameter of the cylindrical part
) at the center is determined by a cut-off frequency. It is known that the cut-off property is determined by the shape of
) . The n-th power of the cosine curve has been recommended based on experiments that have been performed [3] .
In the present paper, we assume that Γ D0 is variable. Let ∂Ω 0 be Lipschitz, and ϕ : Ω 0 → R 3 be the deformation of the domain variation such that the varied domain is given as
where i denotes the identity mapping. In the same manner, let ( · ) (ϕ) be defined as
Because we subsequently use a gradient method in the functional space, we need to define a Hilbert space for the design variable ϕ. Then, we set the linear space for ϕ as
Here, H 
for p > 1 (Calderón's extension theorem). Moreover, to secure the continuous one-to-one mapping of ϕ, we define an admissible set of ϕ as
where σ is a positive constant such that the inverse mapping of i + ϕ becomes a continuous one-to-one mapping.
State-determination problem
Using the design variable ϕ ∈ D, let us define an electromagnetic field problem which we call a statedetermination problem in a shape-optimization problem.
In the present paper, we consider the following problem. Here, ϵ 0 , µ 0 , ϵ R = ϵ/ϵ 0 , µ R = µ/µ 0 , σ, γ R , and c 0 are the positive constants denoting the permittivity and permeability of vacuum, the relative permittivity and permeability of air, the conductivity of air, coefficient determined by the electric port condition, and the speed of light, respectively.
Problem 1 (Energy transmission) For ϕ ∈ D and
given the complex amplitude of the current density i R :
Hereafter, we denote e ( · , ω) for all ω ∈ F as e. In the shape-optimization problem, the weak form of a statedetermination problem is used as a Lagrange function for the equality constraints in which the test function is used as the Lagrange multiplier. Then, we define the Lagrange function for Problem 1 as
where ( · ) c denotes the complex conjugate, and we give the weak form by
for allē ∈ U . Here,ē : Ω (ϕ)×{ω} → C 3 is the Lagrange multiplier (adjoint variable of e) belonging to
If i R is given appropriately, the weak solution of e lies within U [4, 5] . In shape-optimization problems, a smoother condition is required for the state variable to obtain the domain variation in D without singular points [6, 7] . Here, we define the admissible set of e by
The condition e ∈ S is secured by assuming the appropriate setting for the boundary conditions.
Shape-optimization problem
Because e was determined above, let us define the objective function to improve the filter performance. In engineering, S-parameters are used to evaluate the filter performance. Although they can be easily measured experimentally, they are not easily defined using e. In the present paper, we propose to use the power consumption of Γ I0 defined by
as the objective cost function. Here, w R : F → R is a weight function giving the filter performance defined by
with respect to the cut-off frequency ω C . Here, sign ( · ) denotes the signal function having 1 for ( · ) > 0 and −1 for ( · ) < 0. Using f , we define the following shape-optimization problem of the waveguide's high-pass filter.
Problem 2 (Shape-optimization Problem) Let f be defined in (6). Find Ω (ϕ) such that
f (ϕ, e) e ∈ S, Problem 1 } .
Shape derivative of cost function
To solve Problem 2 by an iterative algorithm using the H 1 gradient method, the shape derivative of f is required. We can obtain it by employing the adjoint variable method.
Usingē ∈ U as the adjoint variable for Problem 1, we define the Lagrange function for f as
Let φ ∈ X denote the arbitrary domain variation from Ω (ϕ). Applying the formulae for shape derivatives of functionals [6, 7] , we have the form of the shape derivative of L as
If we use the solution of Problem 1 for e, the third term of the right side of (9) becomes 0. Moreover, if we use the solution of the following Problem 3 forē, the second term of the right side of (9) becomes 0.
Problem 3 (Adjoint problem for f ) For ϕ ∈ D and for all
The difference of Problem 3 from Problem 1 is the weight function w R put with i R . Since the value of w R is 1 and −1, we haveē
The first term of (9) is related to the shape derivative off (ϕ) = f (ϕ, e (ϕ)) when e andē are the solutions to Problems 1 and 3, respectively, and it is computed as
where 
Here, we used the formulae for the shape derivatives of functionals [6, Propositions 4.4 and 4.7] , the boundary conditions of Problems 1 and 3 and (10), and we call g ∈ X ′ (dual space of X) the shape gradient of f .
Solution
To solve Problem 2, for iteration number k ∈ {0, 1, 2, · · · }, we iterate to update ϕ k to ϕ k+1 = ϕ k +φ gi using the solution φ gi of the following problem [6] .
Problem 4 (H
, let a : X×X→R be a coercive bilinear form on X such that there exist positive constants α and β that satisfy
for all w ∈ X.
In the present paper, we use
where
and c a > 0 and c b ≥ 0 are constants that are used to regulate the magnitude of the domain variation φ gi and to secure the coerciveness of the bilinear form, respectively.
Numerical example
We developed a computer program in the JAVA application program interface (API) using the commercial software package "COMSOL Multiphysics" to solve the boundary-value problems, and we solved Problem 2 using the following settings.
• In Fig. 2 , the initial shape of the circular waveguide is assumed to be Γ D0 . The waveguide is operated in the TE 01 mode as a high-pass filter with a cut-off frequency of ω C /(2π) = 50.0 GHz, with which the diameter 7.36 mm of Γ C0 is determined.
• The characteristic impedances at the ports of Γ I0 and Γ O0 are assumed as 50 ohm.
• In the shape-optimization problem, Γ I0 , Γ O0 and Γ C0 are perfectly fixed, as defined in (1 The optimized shape is shown as Γ D (ϕ) in Fig. 2 . Fig. 3 shows the iteration history of the objective cost function f with respect to the iteration number of reshaping, where f init denotes the value of f at the initial shape. From the iteration history, a regular optimization process is confirmed. The validity of the objective cost function f used to improve the filter performance is checked using the return loss s 11 parameter, which is computed using the function of the commercial software, as shown in Fig. 4 . The range over which s 11 is less than −10dB from ω C /(2π) = 50 GHz decreases from 580 MHz to 120 MHz. From the results obtained, the filter performance has been improved by shape optimization. Fig. 5 shows the electric fields at 50.2 GHz for the initial and optimized shapes. The electric field of the optimized shape is smoother than that of the initial shape. This means that the input power is reflected more in the initial shape than the optimized shape.
We compared the obtained results with the empirical design of a waveguide filter [3] , as shown in 
Fig . 7 shows that the filter performance of the optimized shape is similar to that of the empirical design. In the present example, we used only two observed frequencies because of limitations in the commercial software. By adding the observing frequencies, we expect to realize a greater improvement in the filter performance.
